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Dynamic Analysis of Rotor Blades with
Root Retention Design Variations

R. G. Loewy,* A. Rosen,t M. B. Mathew^ and M. Zotto§
Rensselaer Polytechnic Institute, Troy, New York 12180

Kinematic and elastic couplings are often provided in rotor blade root retention systems to improve aeroelastic
or flight stability. This paper uses the generalized coordinates approach and Lagrange Multiplier variational
method to arrive at a unified formulation in which it is unnecessary to repeat the structural part of the analysis
when root boundary conditions change. Such a method has advantages for evaluating design variations of blade
retention systems. Two idealized rotor hub-hinge system models, with many features typical of advanced blade
retention designs, are examined here. The in vacuo, free vibration characteristics of rotor blades with mass-
elastic properties outboard of the attachment point typical of present-generation rotor craft are calculated, as
influenced by these retention systems. Trends with variations of root retention system parameters are presented
for natural frequencies, damping ratios, and the amount of blade pitch induced by root flapping or lagging
motions. A well-known static instability, which could be insidious in advanced rotor retention system design,
is also reviewed.
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Nomenclature (See Fig. 1)
damper viscous rate
flexstrap bending rigidity in the flap direction
flexstrap bending rigidity in the lag direction
hinge offset from center of rotation, for ;' = £, (3
pitch link in-plane offset from blade radial axis
flexstrap torsional rigidity
snubber spring vertical offset from plane of
rotation
rotor blade mass moment of inertia/length about
an axis in chord plane, normal to radial axis and
through section CG
rotor blade mass moment of inertia/length about a
vertical axis through section CG
control spring stiffness (acting at the pitch link)
angular spring rate, for; = £ , /3
linear spring restraint at blade root, for; = y, z
snubber spring rate, for; = f , /3
blade root torsional spring rate
rotor radius
blade motion, in plane of rotation
blade motion, out of plane rotation
pitch-lag coupling
pitch-flap coupling
damper offset from blade radial axis
rotor blade mass/length
blade torsion angle
rotor speed
blade coupled, rotating natural frequency
blade cantilever, non-rotating natural frequency
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Subscripts
b = blade
s = flexstrap
y = lead-lag direction
z = vertical direction
/3 - flap
£ - lag

Introduction

R OTOR blade retention systems must carry the large cen-
trifugal forces and large in-plane and out-of-plane forces

and bending and torsional moments which put the helicopter
in equilibrium, and also provide the blade pitch angle vari-
ations that achieve aerodynamically-based control. In the vast
majority of rotor designs, provision for these control motions
are made at the blade root as collective and cyclic blade pitch.
Flapping and lagging hinges are also usually placed at or near
the points of blade attachment to the hub, primarily to reduce
the magnitude of the blade bending moments near the blade
roots, where they would otherwise be greatest. Various kinds
of so-called "kinematic couplings" are associated with blade
motion about these hinges, when they are used, or with the
motions allowed by so-called flexstraps, more recently used
to replace hinges. Blade flap-pitch coupling 83 is often intro-
duced, as is «2, pitch-lag coupling.1 The former is useful for
augmenting longitudinal stability in forward flight, the latter
in stabilizing aeroelastic instabilities involving the lowest lag
mode.

Rotor hub mechanism designers attempt to eliminate the
need for lubrication and reduce the wear and maintenance
associated with conventional hinge bearings through the use
of either flexstraps or elastomeric bearings. This can also
reduce initial cost and hub and hinge cross-sectional areas,
with attendant drag benefits in cruise flight. Flexstrap rotors
and those with elastomeric bearings, of course, introduce new
characteristics, as compared to conventional articulated rotors
with mechanical bearings. All degrees of freedom now have,
with these newer designs, substantially higher spring rates for
angular motions, such are nominally zero for mechanical hinges.
They may also have significantly lower elastic restraints for
translational motions perpendicular to the blades' undeflected
centerline. Furthermore, elastomeric bearings all introduce
some damping for angular motions, although such will gen-
erally be small for flapping motions, compared to aerody-
namic damping. The relatively small amount of damping avail-
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able through elastomeric bearings can be important for lag
motions, however, since aerodynamic lag damping is low.
Perhaps most important, with the constraint type of couplings
being used in advanced rotor blade retention designs, the
existence of elastic restraining forces provide additional load
paths, and it is not as easy to predict what motions will result
as it was when the couplings among the angular motions were
purely kinematic.

Since advanced rotor designs are incorporating retention
system components whose purposes go beyond structural con-
siderations and providing basic flight control motions, the
effect of variations in such design parameters are of major
interest. In addition, the magnitude of the comprehensive
programs used to predict the aeroelastic stability of coupled
rotor-airframe systems, for example, or blade loads and re-
sponse at high forward speeds or in maneuvers—of which the
structural dynamic analysis is just one part—makes compu-
tational efficiency in analyses involving root retention system
variations quite desirable. Modal methods provide such ef-
ficiency. An early blade analysis program making use of gen-
eralized coordinates to examine the effects of root retentions
on the dynamics of a hingeless rotor is given in Ref. 2, which
also incorporates some of the nonlinear equations of Ref. 3.
The generalized coordinates approach was extended in Refs.
4 through 7 to deal with geometrically nonlinear cases by use
of the Principal Curvature Transformation. A more recent
extension of this approach8 makes use of the classical La-
grange Multiplier variational method9 to arrive at a unified
structural dynamic formulation, which makes it unnecessary
to repeat the structural part of the analysis when root bound-
ary conditions change, as they do with design variations of
blade retention systems.

Figure 1 shows an offset blade attachment point, including
linear and angular springs at the flap and lag hinges, virtual
83 with control system spring, "equivalent a2" with offset lag
and flap "snubber" springs, and a lag damper. In this paper,
three idealized rotor hub-hinge system models with many fea-
tures typical of advanced rotor blade retention system designs
(10) are examined (see Table 1). Cases I and II are fully
articulated with coincident flap and lag hinges. The latter is
typical of current practice, with 5% offset. The former has
hinge offsets and elastic restraints about the hinges which
simulate case III. Case III incorporates a beam-torsion mem-
ber under axial load to represent a fiexstrap extending to the
blade attachment point at 26.8% R. In this linearized model,
pitch and snubber arms are assumed infinitely rigid although
in many advanced hub configurations, both pitch and snubber
arm functions are incorporated in a "cuff" which is, in fact,
flexible. The effect of cuff flexibility on aeroelastic stability
has been considered in Refs. 10 and 11; Fig. 2 is repeated
here from Ref. 11 for the purpose of comparison. In the
present article, pitch and snubber arm flexibility are repre-
sented in gross terms by springs at their extremities (Fig. 1).

Table 1 Blade retention system properties

LAG HINGE AXIS

FLAP HINGE AXIS

PITCH ARM

BLADE AXIS
AXIS OF
ROTATION

ej9 M
ef,M
ee,U
h, M
kft, N-M/rad
kf N-M/rad
kz N/M
ky N/M
kc N/M
ke N/M/rad
*,p, N/M
ksf, N/M
Q, M
Elzz , N-M2

EIyy' N-M2

G//N-M2

Case I
(Spring

simulated
fiexstrap)

1.6383
0.1270
0.1715
0.0508

0.3160 x 106

0.5020 x 106

0.4730 x 106

0.67900 x 106

0.1749 x 107

0.3804 x 105

0.1833 x 108

0.1751 x 106

0.1500 x 106

NA
NA
NA

Lag Pin

Case II
(Articulated)

0.3048
0.1270
0.1715
0.0508

0
0
00

00

0.1749 x 107

0.3804 x 105

0
0.1751 x 106

0.1500 x 106

NA
NA
NA

^x<LQg Pin
^ L Off set

Case III
(Fiexstrap)

1.6383
0.1270
0.1715
0.0508

NA
NA
NA
NA

0.1749 x 107

NA
0.1833 x 108

0.1751 x 106

0.1500 x 106

0.1850 x 106

0.6200 x 105

0.6232 x 105

\ \ Log Motion

Log Pin Coupling Pitch/Log

Fig. 2 Bearingless rotor blade with lag shear pin (from Ref. 11).

Review of Computational Method
Two kinds of equations are used to solve for the in vacuo

modes of rotor blades with various root retention arrange-
ments. First, the equations of motion for free vibration, writ-
ten in terms of N generalized coordinates, qt

+ [B]{q\ + [C\{q] = 0 (1)

where {q} is a vector of Mh order.[A], [B], and [C] are N x
N square matrices.

Second, a system of equations representing constraints in-
troduced by the root retention system. This second set can
be dealt with in two distinct approaches. The first approach,
using Lagrange Multipliers, expresses constraint equations (at
the root or elsewhere) as

(R2]{q} = (2)

The order of the matrices [R^ and [R2] is 7VA x N, and that
of the vector is 7VA, where Nx is the number of constraint
equations.

As explained more fully in Ref. 8, the technique of La-
grange Multipliers then allows these equations to be combined
in state vector form; i.e., where {X}1 A ({q}', (g)', (A.)') as
follows:

0 [RJ
0 [/] 0
0 0 0

[ [B] [C]
[-/] 0

L [R2] [«,]
Fig. 1 Schematic of rotor root retention system mathematical model. (3)
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where A are the unknown Lagrange Multipliers9 and [/] is the
identity matrix. This formulation is sufficiently general to ac-
count for geometrically nonlinear situations. For linear cases,
i.e., where [R^ and [R2] are not functions of {q} or {#}, [R3]
= [flj*; [R4] = [fl2]<; and [Al] = [A].

In the second approach, Eq. (1) is written with the con-
straints represented by a "pseudo forcing function"

[A{q] = {fr} (4)

where the generalized forces {fr} are thought of as imposed
on the flexible blade by the root retention system. Since these
root-imposed generalized forces are expressed in terms of the
root deflections and elastic constraints, they can then be taken
to the left-hand side of Eq. (4); i.e., {£} is expressed as

- [AM + [BM + [CM + [d]

and Eq. (4) becomes

q] + [BM + [C]{q] = {d}

in which
[A] = [A] - [A,],

[C] = [C] - [Cr]

[6] = [B] - [Br]

(5)

(6)

(7)

The elements of the N x N square matrices [Ar], [Br] and
[CJ can be evaluated using, for example, virtual work prin-
ciples.

Choice of Generalized Coordinates
To minimize recalculation of blade structural contributions

as root boundary conditions change, the modes to be used as
the shape functions associated with generalized coordinates
are chosen as cantilever modes

FVQ)(x = 0) = FV(,,(x = 0) = 0 for; > 3

FW(k)(x = 0) = FW'm(x = 0) = 0 for k a 3

F<t>w(x = 0) = 0 for / > 2
(8)

here V implies in-plane motion, W out-of-plane motion, and
$ torsional motion of the blade elements.

Following procedures described in Refs. 4 through 8, the
specific modal functions used as generalized coordinates are
the uncoupled nonrotating, in vacuo modes of the subject
blade neglecting any twist, droop, sweep, or precone and
assuming that the blade section centers of gravity are on the
elastic axis. Note that the modal indices/, /c, and / in Eq. (8)
are initiated at 3, 3, and 2, respectively, to allow for rigid
body translational and rotational DOF at the blade attach-
ment points, as follows:

FVm = FWW = F
FVm = FW(2) = x

- 1 (9)

Following nomenclature and conventions as shown in Fig.
3, displacements are defined in terms of the generalized co-
ordinates, as follows:

Blade Axis

Fig. 3 Coordinate axis definition and sign convention.

Here, qv(j), qw(k), and ̂ (/) are the generalized coordinates,
functions of time. Displacements in the x (i.e., radial) direc-
tion qll(n} are known functions of qv(j) and qw(k) since the blade
is assumed radially inextensible. On this basis, the vector of
unknown generalized coordinates becomes

where N = Nv + Nw + N^.
For details of the derivation of the matrices [A], [B], and

[C] in Eq. (1) accounting for rotational effects; blade twist,
droop, sweep, precone and/or the associated predeforma-
tions; section mass chordwise offset from the elastic axis; and
geometric nonlinearities, see Refs. 4 through 6.

Once the analysis is in the form shown in Eq. (3) or Eq.
(6), standard root-finding techniques can be used to evaluate
the complex eigenvalues and eigenvectors and Eqs. (10) used
to determine the associated mode shapes.

Cases Analyzed
Rotors intended to be roughly light attack/scout helicopter-

size were postulated, with uniform properties span wise, giving
the natural, uncoupled, in vacuo nonrotating, cantilever-free
frequencies listed in Table 2.

Case I is articulated, with hinge spring rates chosen to sim-
ulate the specific flexstrap rotor of case III at 11 = 286 rpm.
Case II is a more typical, fully articulated rotor with 5% flap
and lag hinge offsets. These three configurations are consid-
ered "base cases," and certain of their characteristics varied
to establish the trends presented in the following section.

The lowest four lag modes, four flap modes and two torsion
modes plus the five rigid body DOF represented in Eq. (9)
were included in the analyses. Figure 4 shows the degree of
convergence achieved with these 15 DOF and the subject
analysis method, using the case I properties.

U = W0 + E <lu(n)FU(n

Nv •

^~j q.v()
7=1 (10)

qw(k}FW(( k } ( k }

Numerical Results

Articulated Rotor with 83

A special articulated version of the case I rotor with zero
flap and lag hinge offsets was analyzed, in which e^ e€, A^,
k^ ke, ksp, and Q, were all set equal to zero and ky and kz
were made infinitely stiff. Solutions of Eq. (3) for H = 286
rpm are shown in Fig. 5 as a function of 83 and for several
values of control spring stiffness kc. Since ee is held constant
as 83 varies, a value of 83 equal to 90 deg can only be ap-
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Table 2 Blade properties and cantilever nonrotating
frequencies

Cases I & III Case II
R, M
v, Kg/M
/«, Kg-M
lyy, Kg-M

Modal type
and number

0)^ 1
2
3
4
5

0) 1

2
3
4
5

o^ 1
2
3
4
5

6.096
0.1434 x 102

0.1768
0.8421 x 10-2

(rad/s)
33.1

207.2
580.1

1136.7
1879.0

7.2
45.2

126.5
247.8
409.7
160.4
481.1
801.9

1122.7
1443.4

6.096
0.1136 x 102

0.1401
0.6671 x 10-2

(rad/s)
37.1

232.7
651.9

1277.1
2111.1

8.1
50.7

142.1
278.5
460.3
180.2
540.6
900.9

1261.3
1621.7

~ 2 3 4

Number of Both Cantilever Lag and Flap Bending Modes

Fig. 4 Convergence of first three modes as a function of the number
of cantilever bending modes used as generalized coordinates (case I).

preached. At that point, the flap and pitch frequencies ap-
proach each other and rotor speed. The first torsion mode is
sensitive to control spring variations, as expected, and second
flap is strongly coupled to first torsion at the highest 83 values.
In fact, the second mode becomes pitch-torsion and the third
mode largely second flap bending at that point.

As some indication of the influence of nonlinear effects,
this same case was studied at 83 = - 30 deg but with coning
and pitch "predeformations" set arbitrarily at 5.73 deg and
8.3 deg, respectively. The first lag, flap, and torsion mode
shapes which result are shown in Figs. 6a, 6b, and 6c, re-
spectively. Their principal deflection component was nor-
malized to one meter or one radian, as appropriate. Coriolis
forces and principal axes of cross-sections being out of the
plane of rotation now couple lag, flap and pitch motions,
formerly only coupled by 33. Further, Coriolis forces intro-
duce motion components 90 deg out of phase, shown in these
figures as imaginary and real components. Figure 6a shows
that for a tip lag displacement of, say, 0.1 m, there exist tip
pitch angle changes of about 0.25 deg, as well. Figure 6b
indicates that about 0.8 deg pitch change occurs at the blade
tip with 0.1-m flap deflection; this compares with only 0.5 deg
that would be expected with a rigid control link. Apparently
dynamic amplification is occurring, although tip pitch (</>) and
tip flapping (w) are close to being in phase.

Articulated Rotor with 53 and a2

A series of calculations were run for the case II, typical
articulated configuration, to investigate the degree to which
"kinematic couplings" would be achieved with flexible com-

——— Kc=oo

—— - KC=3.0.106.N/M

—— — KC=1-5.106N/M

Fig. 5 Influence of virtual 83 on the frequencies of the first three
flap/torsion modes of vibration (case I—specialized; 11 = 286 rpm).

X/L

a)
Fig. 6a First flap mode shape: M = 30.46 rad/s. Dashed lines are
real components; solid lines are imaginary components (case I—spe-
cialized; 11 = 286 rpm; 53 = —30 deg; rigid flap predeformation =
5.73 deg; and pitch predeformation = 3.3 deg).
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w,V

00 0.20
X/L

0.60 £ 0.30

olgOOO 0.20 0.40 0.60 0.30
X/L

00

b)
Fig. 6b First lag mode shape: a> = 23.77 rad/s. Dashed lines are real
components; solid lines are imaginary components (case I—spe-
cialized; H = 286 rpm; 53 = -30 deg; rigid flap predeformation =
5.73 deg; and pitch predeformation = 3.3 deg).

ponents. The method used here and in the following cases
solved the equations of motion in Eq. (6) form. Rather than
present the results as pitch-torsion angles in normalized modes,
however, ratios of those values to what would have been
achieved if the pertinent system elements were rigid (the "ki-
nematic" values) are calculated and shown in the following
figures. That is, with a rigid control system and blade (kc =
oo; GJb = o°) and 63, one would expect the pitch angle at the
blade tip sections in response to flapping to be

= (tan $3)|j8| = (tan R ~ e*
(12a)

Similarly, with a rigid snubber spring and blade (ksg =
GJb = <») and effective a2, one would expect

T" I L. R-ef
(12b)

Figure 7a shows, for a configuration like the case II rotor
blade retention system combination but with snubber spring
offset, h = 0.2032 and root torsional restraint ke = 190, that
the higher the value of intended 53, the smaller will be the
percentage of that value actually achieved in the first flap
mode. It also shows, as one might expect, that the stiffer the

00 0.20 0.40 0.60 0.80 1
X/L

00

c)
Fig. 6c First torsion mode shape: to = 126.8 rad/s. Dashed lines are
real components; solid lines are imaginary components (case I—spe-
cialized; H = 286 rpm; 83 = —30 deg; rigid flap predeformation =
5.73 deg; and pitch predeformation = 3.3 deg).

control spring, kc, the closer will be the value achieved to that
intended, for any particular value of 53. The abscissa was
chosen for this and subsequent charts as a ratio of elastic
restraint terms which produce blade pitch moments in re-
sponse to blade flapping motion divided by the elastic restraint
terms which resist blade pitching motions. Note that a control
spring stiffness, kc = 1.7 x 104, seems quite "soft" relative
to the objective of producing 83 coupling. Figure 7b is identical
to Fig. 7a except that the root torsional restraint ke has been
increased to the base value in case II. Comparing these two
figures shows that the achievable 83 drops as the stiffness of
springs restraining pitch motions increases.

Figure 8 is similar to Fig. 7, but in this case the a2 pitch
response to lag motion in the fundamental lead lag mode is
shown for a number of lag snubber spring offsets h and control
spring stiffnesses. Note that increasing snubber spring offset
is helpful in approaching kinematic coupling ratios. Increasing
control spring stiffness at constant h is, on the other hand and
as might be expected, counterproductive for cx2 effect, since
kc is one of the pitch restraint springs that must be overcome
(see denominator of the abscissa) in producing blade pitching
motion.

One more evaluation of articulated system characteristics
was made, to assess the influence of lag angular spring rates
k^ of the sort encountered with elastomeric lag bearings. Here
the case II configuration but with \ nominal root torsional
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1-4
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0.5

O . 4

O . 3

-9 .9 '

~ -35°

A kc - 1 . 7 E 6
kc - 5 . 5 E 4

O kc - 1 . 7 E 4

2 3 4

eg fcc tan 63
a) < • + »

Fig. 7a Effective 83 as fraction of kinematic values vs control spring
parameter (case II, except ke = 190; and h = 0.2032).

O 6

S ° 5
tfl
6<u
c 0.4

^ 0 3

"'5-0.2
_H
£
^r o . i

-63 - -9.90
- -20°

- -35 C

o kr = 1.7E4

O 2 0 .4 0 .6 0.8

e| kc tan £3
b) l*«e & + **J

Fig. 7b Effective 53 as fraction of kinematic values vs control spring
parameter (case II, except h = 0.2032).

restraint ke was examined for the effect of k€ on the ratio of
damping in the first predominantly lag mode to critical. Be-
cause the frequency of this mode is directly affected by k%
changes and because critical damping is linearly proportional
to natural frequency, both damping ratios and natural fre-
quencies were normalized by the values of these same quan-
tities calculated for the corresponding rigid blade, single DOF
in lag cases. The results are presented in Fig. 9, showing that
both critical damping ratios and natural frequencies in these
lowest lag modes decrease relative to the rigid blade, single
degree-of-freedom values as k% increases. One set of curves
in Fig. 9 includes the effect of the lag snubber spring, ks€ on
rigid blade, single degree-of-freedom characteristics (and on
abscissa values), and one set does not. As a matter of ref-
erence, the expressions used for the rigid blade, single degree-
of-freedom cases are

(13)

For the case II parameters, the term ks€e^, which appears
in both expressions, has a relatively small effect except for
values of k€ near zero. Not shown in Fig. 9 is the fact that
increasing blade mass per unit length to the case I and III
values, keeping »ll other characteristics the same, changed
the results given there by less than 5%.

/ 3ee

V2(K - ee) +
^(k 4- k f>2\J^/W I l^sf^f)

*R^T*

0.9

o.a
O . 7

0.6

0.5

0 .4

0.3

O . 2

O. 1

o

D KC * 1.7E6
O kc - 5.5E5

- 1.7E5
+ k - 1 .7EA

10 12 14 16

Fig. 8 Effective a2 as fraction of kinematic value vs lag snubber
spring parameter (case II, except ke = 190; and 53 = —35 deg).

i o

O.O O.2E*O6 O.4E*06
Lag Angular Spring Rate
(k or k + k se2)

Fig. 9 First lag mode characteristics relative to those of a single
degree-of-freedom rigid blade vs lag angular spring stiffness (case II,
except ke = 0.1902 x 105).

280

240

200

160

120

80

40

3 Flap

20 60 100 140 180 220 260 300
Rotor Speed (RPM)

Fig. 10 Variation of the first six rotating natural frequencies with
revolutions per minute (case III).

Flexstrap Rotor
Case III represents a flexstrap rotor with values repre-

sentative of recent designs. The Campbell diagram for this
configuration is shown in Fig. 10. A slight reduction of first
lag mode natural frequencies with increasing rotor speed be-
yong 300 rpm prompted an investigation using the "equiva-
lent" articulated arrangement of case I, with the flexstrap
retention effects represented by root end stiffness influence
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C. F.

240 260 280 300
Rotor Speed (RPM)

320

Fig. 11 Effect of linear lag spring stiffness on centrifugal divergence
stability (cases I and III).

W,

Fig. 12
slot.

Rotating disk containing a spring-restrained mass in a radial

coefficients, i.e., by the equation

Force
Moment

Force
Moment

lag =

flap

an
02l

031

041

012

022

«32

«42

«13

023

033

043

014

024

034

044

V

t

Wft
(14)

The coefficients a^ were calculated using a static, transfer
matrix analysis accounting for axial load and twist, linearized
for small deflections. Torsion was handled independently.
Thus, case I and case III would be identical, if kp = «44; k%
= a22\ kz

 = 033; ky
 = 0ii > except that the terms a^ (where /

=£ 7) would be ignored in case I. The off-diagonal partitioned
matrices are identically zero if the flexstrap is untwisted, as
in case III. The points A in Fig. 11 compare rotating natural
frequencies for the first primarily lag mode calculated using
the case III representation [i.e., Eq. (14)] with that calculated
using the corresponding case I (i.e., dropping aij9 where / ^
/, terms). These elastic cross-coupling terms are seen to raise
this natural frequency appreciably. The dashed curve through
points, B, A, and C reflect flexstrap stiffening under the in-
fluence of centrifugal force as calculated in the full case III
results. The corresponding solid line is for case I, in which
equivalent spring stiffnesses have not been changed with rev-
olutions per minute. The remaining case I curves in Fig. 11
have been calculated with fixed equivalent spring rates, but
at various fractions of the base case (b.c.) linear lag spring,

Blade Axis

Fig. 13 Two-degree-of-freedom rigid blade, in-plane model.

kv. The zero frequency at fl = 326 rpm for the case with kv
equal to J the base value, indicates a static instability.

This type of instability is well known, often associated with
rotating shafts. Figure 12 is repeated here from Ref. 13. The
similarity to Fig. 13, a two-degree-of-freedom rigid blade on
linear and angular lag springs, is clear. Divergence rotational
speeds are

for the configuration in Fig. 11 and

ndiv = 1 + 4*f(«* + f)

T \ ^

(15)

for the configuration in Fig. 12. (The latter expression has a
trivial root, fl = 0, where k% = 0 and complex roots where
k€ ± 0, associated with the minus sign under the radical.) In
the rotor case, m 4 v(R — e€) and f = (R — e€)/2.

The instability at O = 326 rpm in Fig. 11 compares with a
value of 390 rpm for the equivalent rigid blade case, i.e.,
using Eq. (15). The difference is a measure of the influence,
primarily, of blade bending flexibility, and to a lesser extent,
of the additional complications of lag snubber spring and 83
forcing the blade to pitch and flap together with this predom-
inantly in-plane motion.

For reasonable flexstrap designs, this in-plane divergence
would not seem likely to be encountered. Where elastomeric
bearings are used in articulated designs, however, it is not so
clear. It seems worthy of note, for example, that loads normal
to the blade axis in the plane of rotation are primarily due to
aerodynamic drag and Coriolis forces and, therefore, are small
relative to lift and centrifugal forces. In providing sufficient
strength to carry in-plane shear loads, say, parallel to the axis
of an elastomeric flap bearing, it is important that the cor-
responding spring rate ky be high enough to preclude this in-
plane centrifugal divergence in the operating rotor speed range.

Conclusions
By combining generalized coordinate techniques, particu-

larly those capable of dealing with geometric nonlinearities,
with techniques for numerically accounting for constraints
such as are encountered with advanced blade root retention
systems, unified methods for structural dynamic design anal-
yses can be formulated which have high computational effi-
ciency. One such formulation using Lagrange Multipliers and/or
pseudo forcing functions is presented here. Application to
root retention configurations with wide variations in operating
and design parameters shows that couplings such as 83 and a2
and ratios of damping to critical values can differ substantially
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from what would be predicted using simpler mathematical
models. This study also suggests that in-plane spring rates in
blade retention system designs should be checked to insure
that centrifugal divergence instabilities will not be encoun-
tered in the rotor operating range. In-plane radial loads are
so great that there is virtually no chance that such an instability
will be incurred as a result of radial spring rates; for in-plane
loads normal to the blade axis, it is not so obvious.
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